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We develop a mean-field theory of the spatial profile and the spectral properties of polariton condensates in
nonresonantly pumped semiconductor microcavities in the strong coupling regime. Specific signatures of the
nonequilibrium character of the condensation process are pointed out: a striking sensitivity of the condensate
shape on the optical pump spot size is demonstrated by analytical and numerical calculations, in good quan-
titative agreement with recent experimental observations.
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I. INTRODUCTION

Convincing evidences of Bose-Einstein condensation
�BEC� in a solid-state system have been recently reported in
a gas of exciton-polaritons in a semiconductor microcavity in
the strong coupling regime.1–8 In addition to being a remark-
able example of an exciton condensate, this system opens
interesting perspectives toward the study of the BEC phe-
nomenon in completely different regimes. Polariton conden-
sates differ in several fundamental aspects from the ideal
case generally considered in textbooks: polariton-polariton
interactions are significant and the system is far from ther-
modynamical equilibrium.9 While the separate effect on con-
densation of the interactions and of the nonequilibrium con-
dition is already well understood from either ultracold atom10

or laser11 theory, not much is yet known about the interplay
of the two effects when simultaneously present. In this case,
the Bose gas is, in fact, a quantum degenerate, interacting
many-body system whose stationary state does not corre-
spond to a thermal equilibrium state, but rather originates
from a dynamical balance of pumping and losses.12–14

Some striking consequences of the nonequilibrium condi-
tion on the elementary excitations have been recently pre-
dicted, with the propagating sound mode of equilibrium con-
densate being, e.g., replaced by a diffusive mode.13,14 Even
more remarkable, an unexpectedly rich behavior has been
observed in recent experiments in the spatial and spectral
shapes of the condensate depending on the size of the pump
spot.1,2 While at equilibrium BEC generally occurs at zero
momentum and the trapping potential is only responsible for
the k-space broadening due to finite size,10 the first experi-
mental studies of polariton condensates performed with a
relatively small pump laser spot showed Bose-Einstein con-
densation into a ring of momentum states with a nonzero
wave vector;1 mutual coherence of different k states was,
however, interferrometrically demonstrated, which proved
that a true condensate was created, and not a fragmented
one.15 Standard condensation around k=0 was then recov-
ered in later experiments using a much wider excitation
spot.2,3 So far, most of these experimental observations have
challenged theoretical understanding:16 the purpose of the
present paper is to propose a complete and unified theoretical

model able to explain them in a simple and physically trans-
parent way.

Our work is based on a mean-field study of nonequilib-
rium condensates, which takes explicitly into account the
effect of the spatially finite pump spot by means of a gener-
alized Gross–Pitaevskii equation �GPE� as developed in Ref.
14. As compared to kinetic approaches based on the Boltz-
mann equation,17–21 our model fully includes the coherence
of the polariton field; as compared to single-mode
theories,22,23 it is able to follow the spatial, i.e., multimode,
dynamics of the condensate. Both these features are, indeed,
essential to get a reliable theoretical description of the non-
equilibrium Bose-Einstein condensation process for generic
pump laser geometries and in the presence of a microcavity
disorder potential. As long as the mean-field approximation
is accurate, solving the GPE provides complete information
on the shape of the polariton condensate in both real and
momentum space, as well as on its spectral properties under
a pulsed excitation. The formal similarities with the equa-
tions appearing in the context of pattern formation in nonlin-
ear dynamical systems far from equilibrium,24 in particular,
hydrodynamical25 and nonlinear optical26 ones, are of great
utility to obtain a physical understanding of the complicated
spatial structures that appear as a consequence of the inter-
play of inhomogeneity, nonlinearity, driving, and dissipation.

The paper is organized as follows. In Sec. II, we give a
short review of the generalized nonequilibrium Gross–
Pitaevskii model recently developed in Ref. 14. This theory
is applied in the following sections to obtain predictions for
the stationary state of the nonequilibrium condensate under
the combined effect of pumping and losses, and to explain
the experimental observations in different excitation geom-
etries. The main features of the large pump spot case are
described in Sec. III: as a consequence of repulsive interac-
tions, polaritons condense in a state with an outward flow
pattern and a nontrivial radial phase profile. The effect of
disorder on such a nonequilibrium condensate is investigated
in Sec. IV: the flow pattern is partially perturbed by the dis-
order potential, but the nontrivial phase profile is still appar-
ent as the k-space pattern is no longer centrosymmetric and
the main peak is found at finite k. Condensation in the small
excitation spot case is discussed in Sec. V: as observed in the
experiments, the condensate now sits on a ring in k space
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corresponding to polaritons being ballistically ejected out of
the excitation spot by the repulsive interactions. The robust-
ness of all these effects with respect to the presence of non-
condensed polaritons has been verified in Sec. VI by means
of Wigner–Monte Carlo calculations. Conclusions and per-
spectives are finally summarized in Sec. VII.

II. MEAN-FIELD MODEL

As we have shown in detail in a recent paper,14 a good
mean-field description of the dynamics of the condensate
macroscopic wave function ��r� is obtained from a general-
ized Gross–Pitaevskii equation of the following form:

i�
���r�

�t
= �E0 −

�2

2m
�r

2 +
i�

2
�R�nR�r�� − �c� + Vext�r�

+ �g���r��2 + VR�r����r� , �1�

where E0=��0 and m, respectively, are the minimum and the
effective mass of the lower polariton branch, and g�0 quan-
tifies the strength of repulsive binary interactions between
condensate polaritons.12,27 Whenever needed, exciton and
cavity disorder can be included as an external potential term
Vext�r�.28 Condensate polaritons have a linear loss rate �c and
are continuously replenished by stimulated emission from
the polariton reservoir created by the nonresonant optical
pump. At the simplest level, the corresponding gain rate
R�nR� can be described by a monotonically growing function
of the local density nR�r� of reservoir polaritons in the so-
called bottleneck region.17 At the same time, the reservoir
produces a mean-field repulsive potential VR�r� that can be
approximated by the linear expression VR�r���gRnR�r�
+�GP�r�, where P�r� is the �spatially dependent� pumping
rate and gR ,G�0 are phenomenological coefficients to be
extracted from the experiment.29 The GPE equation �1� for
the condensate then has to be coupled to a rate equation for
nR�r� as follows:

ṅR�r� = P�r� − �RnR�r� − R�nR�r�����r��2. �2�

Polaritons are injected into the reservoir at a rate P�r� and
relax at an effective rate30 �R��c. Depletion of the reservoir
density due to the stimulated emission into the condensate
mode is taken into account by the R�nR�r�����r��2 term.

III. LARGE EXCITATION SPOT

A. Spatially homogeneous system

In the homogeneous case, i.e., under a spatially uniform
pumping and in the absence of any external potential, Eqs.
�1� and �2� admit simple analytical stationary solutions.14

Below the threshold, the condensate density remains zero
���2=0, while the reservoir one grows linearly with the pump
intensity, nR= P /�R. At the threshold pump intensity Pth, the
stimulated emission rate exactly compensates the losses
R�nR

th�=�c and the empty condensate solution with �=0 be-
comes dynamically unstable. Above the threshold, the reser-
voir density is homogeneous nR�r�=nR and the condensate

wave function is of the form ��r�=ei�kc·r−�ct��0. Inserting
this ansatz into the motion equation, we find that nR is
clamped at the threshold value nR

th, while the condensate den-
sity grows as ��0�2= �P− Pth� /�c. The condensate wave vec-
tor kc remains so far undetermined, and stable solutions with
arbitrary values of kc exist. As we shall see in what follows,
the specific solution that is actually chosen by a given physi-
cal system depends on the boundary conditions to be im-
posed at the edges of the pump spot. For each value of kc,
the oscillation frequency �c is finally fixed by the following
state equation:

�c − �0 =
�kc

2

2m
+ g��0�2 + gRnR + GP . �3�

B. Local density approximation

The physics is much richer in the presence of an inhomo-
geneous intensity profile P�r� of the pump. In this case, we
can still look for stationary solutions of the following form:

��r,t� = �0�r�e−i�ct = 	��r�ei�	�r�−�ct�, �4�

nR�r,t� = nR�r� , �5�

where ��r� and 	�r� are the local density and phase of the
condensate wave function ��r�=	��r� exp�i	�r��. The con-
densate frequency �c is the same at all points, while the local
condensate wave vector kc�r� is defined as the spatial gradi-
ent of the condensate phase kc�r�=�r	�r�. Inserting the
forms �4� and �5� into the equations of motion �1� and �2�
and imposing stationarity of the solution, one obtains the
following set of conditions:

��c = ��0 +
�2kc

2

2m
+ Vext +

�2

2m

�r
2	�

	�
+ �g� + �gRnR + �GP ,

�6�

0 = †R�nR� − �c‡� −
�

m
�r · �kc, �7�

P = �RnR + R�nR�� . �8�

Provided the spatial variation of the pump profile P�r� is
smooth enough, one can perform a kind of local density ap-
proximation �LDA�, where the quantum pressure term �pro-
portional to �r

2	�� in Eq. �6� and the current divergence term
in Eq. �7� are neglected. Within this LDA approach, the con-
densate density profile ��r� is equal to the one of an homo-
geneous system with the local value of the pump intensity
P�r�. In particular it vanishes for ��r�=0 at all points r
where P�r� is below the threshold P�r�
 Pth. The determi-
nation of the condensate wave vector kc and, consequently,
of the condensate frequency �c are more complicated: as the
oscillation frequency �c of the condensate is constant in
space, the variation of P�r� across the pump spot must be, in
fact, compensated by a corresponding spatial variation of the
local wave vector kc�r�.

An analytic solution can be explicitly worked out for the
simplest case of a circularly symmetric pump profile P�r� in
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the absence of disorder Vext=0. In this case, we can look for
cylindrically symmetric stationary solutions where the con-
densate frequency �c is determined by the condition that the
local condensate wave vector vanishes kc�r=0�=0 at the
center of the spot, i.e.,

�c − �0 = g��r = 0� + gRnR�r = 0� + GP�r = 0� . �9�

For standard �e.g., Gaussian or top-hat� pump spots with a
monotonically decreasing intensity profile along the radial
direction, the local wave vector kc is in the radial direction
and its modulus kc monotonically grows with r, reaching its
maximal value at the condensate edge where P�r�= Pth. The
repulsive interactions create, in fact, an antitrapping potential
as follows:

Vat�r� = �g��r� + �gRnR�r� + �GP�r� , �10�

which ballistically accelerates the condensate polaritons
away from the center: the state equation �3� describes the
conservation of the mechanical energy during the flow. The
boundary condition that no polariton flux can enter the con-
densate from the external region where no pumping is

present fixes the direction of kc to be along the outward
radial direction.

In order to verify the robustness of these analytical con-
siderations and, in particular, assess the dynamical stability
of this solution for the typical values of the experimental
parameters, extensive numerical simulations of the GPE
equation �1� coupled to the reservoir evolution equations �2�
have been performed for a wide range of pump parameters.

C. Numerical results for a large excitation spot

The case of a cw pump with a wide Gaussian spot of
waist �p=20 �m is described in the four plots in the left
column of Fig. 1. The parameters of the pump are chosen in
a way to reproduce the experimentally observed2 value of the
blueshift of the emission frequency �c−�0 of the order of
1 meV. As expected, the long-time dynamics of the system
tends to a dynamically stable steady state with a single os-
cillation frequency �c and a stationary reservoir density
profile.31 Differently from the spatially homogeneous case
where condensation can take place in many modes with dif-
ferent k vectors depending on the initial conditions of the

FIG. 1. �Color online� Numerical results of generalized GPE simulations in the absence of disorder for ��a�–�d�� a large �p=20 �m and
��e�–�h�� a small �p=2 �m circular excitation pump spot, respectively. �a� and �e� give the �k ,E� emission pattern, �b� and �f� the polariton
distribution in momentum space, �c� and �g� the polariton distribution in real space, and �d� and �h� the local wave vector kc�r�. The wave
vector kc0 of a free polariton at �c is indicated by the dotted lines in �a�, �b�, �e�, and �f�; the dashed line in �g� is the analytical
approximations to the density tail, and the dashed lines in �d� and �h� are the LDA predictions to the local wave vector. All quantities in real
�momentum� space depend only on the radial coordinate r= �r� �k= �k��. The values of the parameters used in the simulations are as follows:
�g=0.015 meV �m2, ��c=0.5 meV, ��R=2 meV, �R�nR�= �0.05 meV �m2�nR�gR=0, G=0.0175 �m2, and P / Pth=2 �left panels� and
P / Pth=8 �right panels�.
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GPE evolution, the condensate mode is here completely de-
termined by the geometry of the finite size pumping spot.

In agreement with the previous analytical discussion, the
k-space distribution �Fig. 1�b�� is contained in the k
kc0
region ��kc0

2 /2m=�c−�0�, delimited by the free particle dis-
persion �vertical dashed lines in Fig. 1�b��. Still, the broad-
ening of the condensate momentum distribution due to the
ballistic acceleration largely exceeds the finite size broaden-
ing predicted by the Heisenberg position-momentum uncer-
tainty principle and reflects the complex phase profile of the
condensate mode. This is in stark contrast with the case of
equilibrium condensates,10 where symmetry under time re-
versal makes the condensate phase in the ground state uni-
form throughout the whole cloud and the local wave vector
to be kc=0 everywhere.

To further confirm our interpretation of the k-space broad-
ening observed in the simulations, we have compared the
numerical result for the local wave vector kc with the LDA
prediction discussed in the previous section. The two are
plotted in Fig. 1�d� as a full and a dashed line, respectively:
the agreement between the two is excellent everywhere.

IV. EFFECT OF DISORDER

Although this simple calculation is able to correctly ac-
count for the main observations, some experimental features
are still missing: as one can see in Fig. 8.9 of Ref. 32, some
structures are, in fact, present on top of the broad profile
shown in Figs. 1�a� and 1�b�, in particular, a narrow peak
centered at a finite k�0 momentum.

To explain these features, we have performed GPE simu-
lations including a weak disorder potential Vext�r� acting on
polaritons. Figure 2 gives an example of the outcome for a
given realization of the disorder potential, constructed as an
ensemble of circular defects �Fig. 2�a��.

The k-space emission shown in Fig. 2�c� is still mostly
contained in the k
kc0 circle as in the clean system case, but
a significant specklelike modulation appears on top of the
regular background, with a few dominating narrow peaks.
This phenomenology can be understood in terms of the in-
terference of the emission from the different spatial posi-
tions: in agreement with experimental observations, the spa-
tial profile of the condensate �Fig. 2�b�� consists, in fact, of
several, yet mutually coherent spots connected by lower den-
sity regions.

The disorder is, however, not able to spoil the outward
radial flow pattern which, despite some local distortions, re-
mains clearly visible in the figure. The presence of a non-
trivial phase profile is responsible for the noncentrosymmet-
ric k-space pattern and, in particular, for the k�0 position of
the main peak. This is a clear signature of the nonequilibrium
nature of the polariton condensate.

V. SMALL EXCITATION SPOT

The properties of the polariton condensate are completely
different if a small excitation spot is used. Even though the
local density approximation can no longer be performed, ex-
act analytical predictions for the condensate wave function
can still be obtained in the region far outside the pump spot.
In this region, the condensate density is very small and po-
laritons no longer feel the repulsive potential, so that the
radial part of the GPE �1� reduces to a linear Helmholtz
equation of the form

�

2m
�r

2� + 
�c − �0 + i
�c

2
�� = 0, �11�

whose converging solution for r→� has to be chosen. The
frequency �c is fixed by the dynamics in the excitation re-
gion, and its analytical determination goes beyond the scope
of the present work. The solution to the Helmholtz equation

has the simple analytic expression ��r�=H0
�1��k̃cr�, in terms

of the first kind Hankel function H�
�1�. The complex wave

vector is

k̃c =	2m

�

�c − �0 +

i�c

2
� . �12�

From the asymptotic expansion of H�
�1�, one immediately gets

to the exponential decay

��r → �� �
1
	r

exp�− �penr� �13�

with a spatial rate

�pen = Im�k̃c� � �c/2vc �14�

and a propagation speed vc=�kc /m, with

FIG. 2. �Color online� Numerical GPE simulations for a large pump spot in the presence of disorder. �a� Disorder potential �gray scale
with 1 meV range�, polariton distribution in two-dimensional �b� real and �c� momentum space. The arrows in �b� indicate the polariton
current. The radius of the dotted circle in �c� is the free polariton wave vector kc0. Same parameters as in Figs. 1�a�–1�d�.
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kc = Re�k̃c� � 	2m��c − �0�/� . �15�

Note that the limit �c→0 of the present theory does not
correspond at all to the equilibrium state of trapped conden-
sates. In a broad sense, it rather reminds us of the physics of
the expansion of a trapped condensate once the trap potential
has been switched off.10

These analytical considerations are accurately confirmed
by a full numerical integration of Eqs. �1� and �2� for a small
pump spot �p=1 �m, whose results are summarized in the
plots in the right column of Fig. 1. As the pump laser spot �p
is much smaller than the characteristic propagation length
�pen

−1 , most of the polaritons are found outside the excitation
region and are ballistically propagating in the outward direc-
tion.

The k-space emission then concentrates on the ring of
radius kc; the contribution from the central excitation region
provides the weak pedestal at k
kc, while almost no emis-
sion is present for k�kc. The �k ,E� pattern is analogously
peaked around ��kc0 ,��c� and shows a weaker pedestal on
the horizontal segment at E=��c contained inside the free
polariton dispersion. Qualitative agreement of these results
with experimental observations in Fig. 1 of Ref. 1 is excel-
lent: the ring structure is recovered as well as the relation
between the emission frequency �c and the wave vector kc.

VI. EFFECT OF NONCONDENSATE POLARITONS

All the calculations presented so far were based on a
mean-field theory where the quantum polariton field was re-
placed by a C number and the contribution of the fluctuating
noncondensed polaritons was mostly neglected apart from its
contribution to the expelling potential. This approximation is
a widespread one of the theory of Bose-Einstein condensates
and has been proven to give accurate results in most cases of
dilute gases that are reasonably far from the critical BEC
temperature. To verify its validity for polariton condensates,
we extended our calculations to the noncondensed polaritons
by including a noise term in the motion equation �1�.

Such a stochastic approach can be rigorously derived
within the quasiprobability formalism of quantum optics and
laser theory.33 Recently, it was successfully applied to polar-
iton systems to characterize the parametric luminescence
from semiconductor microcavities34 and, in particular, its
fluctuations around the optical parametric threshold.35 A
complete report of the predictions of such a method for the
correlation functions of the noncondensed fraction will ap-
pear in a forthcoming publication together with a full discus-
sion of all the technicalities of the Wigner method related to
the zero-point occupation and the different time commuta-
tors. Here, we will limit ourselves to those issues that di-
rectly concern the spatial and spectral shapes of polariton
condensates.

Both damping and gain contribute to the noise terms in
the stochastic equations of motion of Wigner representation.
As numerical calculations are performed on a discrete grid of
lattice points, the white noise term on the right hand side of
the spatially discretized motion equation �1� has the follow-
ing form:

d�stoch�ri� =	�c + R�nR�ri��
4�V

dWi, �16�

where dWi is a Gaussian random variable with white-noise
correlation functions �dWidWj=0 and �dW

i
*dWj=2�i,jdt. In

order for the stochastical classical field theory to be accurate,
the volume �V of the elementary cell of the numerical inte-
gration lattice has to be chosen such that �c�g /�V. For the
actual value of the polariton-polariton interaction constant,
this condition can be satisfied without losing any relevant
physics.35

Numerical results are shown in Fig. 3: the main conclu-
sion that one can draw from it is that the spectral shape of the
configurations considered in Fig. 1 remains qualitatively un-
altered when noise is added. The only effect of fluctuations is
to add a noncondensed population and to broaden the fea-
tures of the �k ,E� emission pattern, in agreement with the
experimental observations of Refs. 1 and 32, in particular,
Fig. 8.9.

In the case of the small excitation spot shown in Figs. 3�a�
and 3�b�, note how the emission pattern due to the noncon-
densed polaritons is not blueshifted with respect to the linear
regime dispersion: this is easily explained by the fact that
most of the incoherent polaritons are found outside of the
high-density region. The physics is slightly more compli-
cated in the case of a large excitation spot shown in Figs.
3�e� and 3�f�: in the low-momentum region, the incoherent
polaritons are distributed on a wide range of energies be-
tween the lower polariton branch and the condensate energy.
On the other hand, they are mostly concentrated on the linear
dispersion for high momenta. This behavior can be under-
stood in terms of the blueshift now being a slowly varying
function of the spatial positions. High-energy noncondensed
polaritons travel for long distances and, therefore, spend
most of their lifetime in the low-density external region. On
the other hand, the low-energy ones are distributed among
the various parts of the cloud and, therefore, experience a
wide range of different values of the blueshift.

VII. CONCLUSIONS

In conclusion, we have developed a full theory of the
spatial and spectral shape of polariton Bose-Einstein conden-
sates that is able to explain the peculiar features observed in
recent experiments:1,2,32 signatures of the unique nonequilib-
rium nature of polariton condensates are identified in com-
parison to the standard case of condensates at equilibrium.
Under the combined effect of pumping and losses, the sta-
tionary state of the condensate is, in fact, characterized by a
steady flow in the outward radial direction as a consequence
of the repulsive interactions and coherent polaritons can bal-
listically propagate outside the excitation spot.

All the qualitative features have been checked to be ge-
neric and robust with respect to changes in the model param-
eters and in the details of the pumping spot profile. Wigner–
Monte Carlo numerical simulations indicate that the physical
picture remains qualitatively unaltered when the nonconden-
sate polaritons are included in the model.

The agreement of the results of our generalized Gross–
Pitaevskii approach with experiments is promising for the
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application of the present model to more complex geometries
that may be relevant in the design of polariton lasers based
on suitably patterned structures. From the theoretical point of
view, the next step will be an extensive campaign of Wigner–
Monte Carlo simulations, including the fluctuations around
the mean-field to fully characterize the condensate coherence
properties and, eventually, the critical properties in the vicin-
ity of the nonequilibrium phase transition.

Note added. Recently, a preprint36 has appeared where
similar issues are addressed from a slightly different perspec-
tive.
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